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1. APPLICATION OF HADAMARD FORMULA

Let f(z) = > .2 anz" be a power series with the radius of conver-
gence R > 0. Prove that if the series

> ()
n=0

converges for some zg € Dr(0), then in fact R = oo, the function f is
entire and this series converges uniformly on every bounded subset

of C.

. Let f(z) be as in the previous problem. Show that if the sequence

{¥/|f™(2)]} is bounded at some point zg € Dg(0), than again R =
oo, the function f is entire and the sequence is bounded at all z.

Moreover, show that in this case limsup {/|f(™(2)| is the same for
all z.

2. BEHAVIOR OF POWER SERIES ON THEIR CIRCLE OF CONVERGENCE

Let f(z) = > 02, anz" be a power series with the radius of convergence
R =1 and let D be an open unit disk with the center at the origin. A point
¢ on the unit circle S' = 9D is called a regular point for a holomorphic
function f on D, if there is an open disk D, (2p) of radius r > 0 with center
20, |z0| < 1, such that ¢ € D,(zp) and corresponding power series

0 p(n)(,
Zf n(' 0)(2_20)71

n=0

converges absolutely on D, (zp). In particular, lim, ¢ f(z) from the inside
exists. Otherwise, the point ¢ € S is called singular.

1.

2%,

Let f(z) = >_.2yanz" be a power series with the radius of conver-
gence R =1 and zp € D. Prove that for |z — zp| < 1 — |20
o0 n
f(z) = an(z —20)", where b, = f(:z(!zo)‘
n=0
In particular, the series in the right-hand side is absolutely conver-
gent.
(Hint: Use 2" = (z — 20 + 20)".)
Let f(z) = > .2 ganz" be a power series with the radius of con-
vergence R = 1. Prove that f(z) = (1 — 2) > .7 s,2", where s, =

> k=0 @k
1
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Let f(z) = .07 yanz" be a power series with the radius of conver-
gence R = 1. Prove that if all coefficients a,, are real and the series
>0 o an diverges to oo or —oo, the z =1 is a singular point.

(Hint: Use the previous problem.)

Let f(z) = >..° ,anz"™ be a power series with real a, and with
the radius of convergence R = 1. Show by example that a weaker
condition |ag + -+ + a,| — oo does not guarantee that z = 1 is a
singular point.

Let f(z) =Y .2 anz" be a power series with with real a,, and with
the radius of convergence R = 1. Prove that if coefficients a,, > 0 for
all n, then z = 1 is a singular point (Pringsheim theorem).

(Hint: Use Problem 1.)

Prove that for the function f(z) = >°°2 ;22" every point on the unit
circle is singular.



